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^ ■ Abstract. When an open string ends with charges on a D2-brane, which 

involves constant background magnetic field perpendicular to the brane, we 

{Sj | construct the spectrum-generating algebra for this charged string, which as- 

sures that our system is ghost-free under some conditions. The application 
■ to the Hall effect for charged strings is also shortly remarked. 
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1 Introduction 

We consider the Hall system for charged strings on the D-2 brane. The 
Qh! charged open string is defined as X^(t, cr), < a < % , which ends on 

J|h \ the D2-brane with different charges qo at a = and q n at a = 71, whereas 

qo + q% = for the neutral string. The D2-brane involves a constant magnetic 



X 



field B perpendicular to the brane. 

Contrary to the neutral string, the quantization of the charged string is 
not so well known [ 1 1,[2|,[3]. Here we meet a problem of how to work the 
no-ghost theorem in our system. For the neutral string with a background 
magnetic field the spectrum-generating algebra (SGA) is well known to as- 
sure the ghost-free for string states if the space-time dimension is d = 26 
and the Regge intercept is ce(0) = 1. For the charged string with a back- 
ground field, however, it is not clear whether the conventional SGA works 
well or not, because of existence of normal modes involving the cyclotron 
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frequency. We then consider the modification of SGA, and find that our sys- 
tem is ghost-free if d = 26 and a(0) = 1 — \co\/2 + co 2 /2, where co is the 
cyclotron frequency of the charged string. 



2 Quantization of the charged string 

The interaction Lagrangian of our system is given by 
L I = q a X^r,a)A^(X(r,a)) + q a X ll (T,a)A^ (X(r,a)) 

<j=0 



■ (1) 



We have chosen a gauge such as = — (1 /2)F^ V X v withF^ v , the constant 
electromagnetic field strength. We will concentrate on a 3 x 3 block of F^ v , 




(2) 



Introducing a time-independent function p(a) such that p(0) 
#0; p(^) = —(1%, the interaction Lagrangian can be rewritten as 



U = \ [p{a)X ll {x,a)F\X v {x,a 
- f da 



a=% 1 



2 Jo 



ff=o 2 Jo 
p f X,F\X v + 2pX,F\{X v )' 



da d a (pX fl F^ v X v 



(3) 



where the total time derivative d t (pX'FX) has been discarded. This theory 
does not depend on the functional form of p(a) for < a < n, because the 
action based on Eq.© is invariant under a variation with respect to p(a). 
The total Lagrangian is given as 



P' XV , „ vv / 



L = I jTda -XjX*') + J* do X^F\ [ '—^ - pX 

First of all we diagonalize F by a matrix 5 as 



(4) 



/0 

(5" 1 F5)' I V = -i£ 

\0 iTsT, 



(5) 



where = \JB 2 — E 2 (we assume < E < B). Then we define relevant fields 
by 
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H 






u 2 y 







(6) 
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The boundary conditions for these variables become 
(X'W ±ipKX&) =0, Z'(t,o) 

X a (x,o) =c a (const.), a = 3,--,d-l. (7) 

a=0,n 

The Dirac quantization for this constrained system has been carried out 
in Ref.ll3l. The result is summarized as follows: Mode expansions for 
X( ± )(t,(t) satisfying the boundary conditions are 

x(± = cos [(n±co)a^} e _ i{n±m)r a , ±)+b{±) 

n -i(n±CO) 

where tan kcoq = p (0)K, tan nco n = p (k)K, co = (Oq — co n (we assume co > 0). 
On the other hand, Z(t,ct) does not couple with any field, so it is a free 
string, as well as other components, X 3 , • • -,X d ~ l . The commutation relations 
for mode operators for X^ are 

[a^ , a™ ] = (m± co) 8 m+n , , [*<±> , ] = 
1 smnco 



(9) 



whereas for other free components, Z,X 3 ,- - ,X d 2 , we have usual ones. 
From Eqs. [9]we find the noncommutativity of X^\z, a) at a = 0, K. 
The Virasoro operator is defined as 

L n = \ f a da e ±ina : (X ±xf : = \ , (10) 

4 J -it I j 

where A ■ B = -A°B°+A^B^ +AHfi(+) +A 3 B 3 + ■■■ + A d - l B d -\ and 
satisfies the Virasoro algebra 

[L m , L n ]={m- n) L m+n + m j ^ (m 2 - 1) - co 2 + CO j 8 m+nfi ■ (1 1) 
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3 Spectrum-generating algebra for charged string 

We consider the string coordinates, Z,X^+\X^\X 3 , ■ ■ ■ ,X d - 2 ,X d ~ l . The 
light-cone variables are now X ± = (Z±X d - l )/V2 (which should be distin- 
guished from X^), and 

p -inx 

^(t) = E a±+x ± + zp ± , J P ± (T)=l ± (T)=£e--V- (12) 

For the (±) components, we adopt 

p(±)(T)=£e- I > ±t °) T ai ±) , (13) 

n 

which satisfy 

[pW(t),pW(t')] =£(«±«)e- I '(' l±ffl )( T - T ') = id T 8 ±m (z-z') . (14) 

n 

Here 8 m (s) is defined as 5 ffl (s) = exp(— ia>s)8(s) with 27T -period delta func- 
tion 8(s), and has aproperty, 8 m (s + 2n) = exp(— 27n'G))5 C0 (j). 
We define the SGA operators for the (±) components as 

4 ±] = r dz P^(z)V(z) n±C0 , (15) 

■£71 J—% 

where Viz) = exp[/X _ (r)]. For the sake of p~ = 1, V(z) carries a factor 
e H and hence V{z) n±m a factor e ! '(«±<»K The non-periodic factor e i(0X is 
canceled by the similar factor in P^\z). In the following calculations this 
cancellation always occurs among S± m ,V(z) n±w and 

We can then show that the modified SGA for the (±) -components is 
given by 

[A,L ±) , Ai T) ] = (m± co) <5 m+ „ ;0 , 

[aL ±} , A-„] = (m± W )A) n ± i, (16) 
[■Km , -^n ] = (m-n) K m+n + 2m 3 5 m+nj o , 

where 

^n = -^ f/z :{p + (z) + ^n 2 p-(z)\ogP-(z)}v(z) n : , (17) 

P ± ,X ± being light-cone variables. We can also show that , K n are com- 
mutable with the Virasoro operator L n for the charged string. 
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These are to be compared with the commutation relations 

[ cffl , ai T) ] = (m ± a>) <5 m+ „, , 

[cGT , L T n ] = (i»± <o) c£j? B , (18) 

r t n r 2 ? 1 

[ L m> L « J = (m-n) L m+n + m I —^( m - 1) - (« - 0) - 2a) ^ 5 w+ „ )0 , 

where 
l£ = —ad n fi 

+^:[«s«/ H +«i:;«/ (+) +«^«/ 3 +---+<-/ 2 «r 2 ]: • 

Comparing Eqs. (ll6t with ill 8b . the isomorphism 

Ai ±) ~ ai ±} , ~ L[ , (20) 

is completed if 

d = 26, a = a{0) = l-(o/2 + (o 2 /2 . (21) 

The other transverse components obey the same algebra as in the free case, 
and we have the same isomorphism as Eqs. d20l . Once we have SGA, then 
we can conclude that our system is ghost-free provided the conditions d2Tb 
are satisfied. 

When F y has many blocks, the terms (O 2 — (0 appearing in the last 
equation of Eqs. (fT8l should be replaced by sum L,(co,' 2 — ©,•), where ft), is 
the cyclotron frequency of the j-th block. The same is true for Eq. d2Tl > 



4 Concluding remarks 

We have constructed SGA for charged strings with a constant background 
magnetic fields. We conclude that our system is ghost-free if the space-time 
dimension is d = 26 and the Regge intercept is ce(0) = 1 — co/2 + (0 2 /2, 
where CO is the cyclotron frequency of the charged string. If we take a limit 
03 — ► 0, then the above results are all reduced to the usual results of neutral 
strings. See also Ref.l3l. 

Finally let us remark about the Hall conductivity for the charged 
strings, which end on the D2-brane with a constant background magnetic 
field B perpendicular to the brane. The result is given by On = — (qo + 
q K )n/B, n being the charged string density, which coincides completely with 
that of the ordinary two-dimensional electron systemBI. 
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